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Abstract

Primary open-angle glaucoma is a chronic optic neuropathy characterized by retinal 
ganglion cell loss and subsequent visual field impairment. Elevated intraocular 
pressure remains the only treatable and modifiable risk factor and vascular 
impairment has been demonstrated in glaucomatous patients. New research has 
uncovered varying and often contradictory data suggesting more than just a casual 
correlation with ethnicity, diabetes, gender, obesity and age. Little is known about 
each variables’ contribution to the etiology of glaucoma and how their presence 
or absence with other risk factors potentiate or reduce an individual’s overall risk. 
The realization that glaucoma is more than a simple, binary disease necessitates 
a next-generation mathematical model with the capability to integrate individual 
patient characteristics and clinical risk factors to predict its formation and 
progression. 
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 1. Introduction 

Glaucoma is the second leading cause of blindness.1-3 Primary open-angle glaucoma 
(POAG) is characterized by progressive retinal ganglion cell death and irreversible 
visual field loss. To date, intraocular pressure (IOP) is the only modifiable risk factor.4 
Despite aggressive medical and surgical treatment, a high percentage of individuals 
with normal IOP continue to experience disease progression and visual field 
loss.1,5-9 The observed progression of POAG despite aggressive IOP management 
suggests that glaucoma is a multifactorial disease with inadequate surveillance 
and management.10 Previous clinical studies have shown changes in blood flow in 
retinal, choroidal and retrobulbar circulations in POAG.11-12 Over the last few decades, 
additional risk factors for POAG have been discovered which include advanced age, 
ethnic background, family history of glaucoma, decreased central corneal thickness 
(CCT), higher vertical cup-to-disk ratios (CDR) of the optic disc, and increased pattern 
standard deviation (PSD) values on Humphrey automated perimeter at baseline.13 

Other patient characteristics including diabetes mellitus (DM), gender, and obesity 
have been correlated with variation in glaucoma development and differences in 
glaucoma progression. The mechanisms by which these factors contribute to POAG 
pathophysiology are still largely unknown. It remains unclear which of these factors 
are causes or consequences of the disease and whether combinations of different 
factors yield similar risk for POAG. Without significant advancement in the current 
understanding of the pathogenesis of glaucoma, the impact of this irreversible 
blindness on the quality of life worldwide will continue unabated. Due to the het-
erogeneity of the pathophysiology of glaucoma, it is critical to develop a mathemat-
ical model to characterize the probability of glaucoma development and changes in 
progression based on patient-specific risk factors and known predictive markers of 
glaucoma development. 

 1.1. Aqueous humor physiology 
Aqueous humor is produced by the non-pigmented epithelium of the ciliary body 
in the posterior chamber. From there, it flows into the anterior chamber and 
exits through the trabecular meshwork and Schlemm’s canal or the uveoscleral 
pathway.14 This traditional model has influenced both our clinical approach and 
treatment of glaucoma for decades. In highlighting the intrinsically complex 
interplay of intraocular pressure homeostasis, emerging research in aqueous humor 
dynamics demonstrates the presence of a third modifiable outflow pathway.15,16 

This additional outlet involves ocular lymphatics, a tissue previously believed to be 
absent in the eye, within the ciliary body itself. While serving as a potential target 
for future pharmacological manipulation, this discovery further emphasizes the 
need for a robust mathematical model that can be dynamically customized and 
implemented as our understanding of glaucoma evolves. 
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1.2. Ophthalmological examination in the clinical practice 
The ophthalmological examination is a standard tool in ascertaining crucial 
information about the overall condition of the patient. The eye is often the first part 
of the body involved in systemic diseases; as a consequence, the ophthalmologist is 
frequently the first specialist to diagnose a systemic pathology. In particular, several 
ophthalmic clinical measurements have an important relevance in this field.17 The 
assessment of visual acuity can be used as a tool for early diagnosis of diabetic status: 
a decrease in the visual acuity caused by a myopic shift of the refraction can be for 
example the first sign of diabetes that causes an increase of the level of the sugar in 
the aqueous humor. The examination of the fundus oculi, another important part of 
the ophthalmological examination, can also be informative. In fact, the vessels of 
the retina represent the only ones in the whole body that can be observed directly 
and non-invasively by the physician, which can be used to ascertain systemic vessel 
health. In this sense, the diagnosis and follow up of important systemic conditions, 
such as diabetes and hypertension, is realized by the periodical examination of the 
fundus oculi at the slit lamp. Importantly, the retina and the nerve fibers of the optic 
nerve derived embryological from the neural tube and the eye can be considered as 
a natural protrusion of the brain. Therefore, neurological disorders can have their 
first manifestation in the eye. For instance, optic neuritis is frequently the initial sign 
of multiple sclerosis. Other neurological diseases, such as brain tumors or cerebral 
ischemia, can be diagnosed with visual field examination, another noninvasive tool 
that ophthalmologist use in their clinical practice. 

In conclusion, important parts of the ophthalmic exam, such as the evaluation 
of visual acuity, fundus examination through slit lamp and visual field assessment, 
are noninvasive tools to aid the physician in performing a comprehensive medical 
evaluation to determine the overall health of an individual. 

1.3. Mathematical modeling and glaucoma 
Mathematical modeling consists of translating ‘real-world problems’ into math-
ematical equations whose solutions simulate the behavior of a physical system.18 

Statistical analysis of experimental and clinical data is one of the most common uses 
of mathematics in medicine. In the context of glaucoma, mathematical modeling 
has been used to characterize mechanical response of the optic nerve head (ONH) 
with variation in IOP, scleral tension and cerebrospinal fluid pressure (CSFP), as well 
as hemodynamic changes in ocular blood flow and regulation in retinal, choroidal, 
and ONH vascular beds.18 Several analytical models attempted to characterize 
glaucoma progression based on biomechanical changes of the eye, such as scleral 
thickness, retinal nerve fiber layer (RNFL) thickness and visual functional data.19-24 

In this review, we will summarize the role of various heterogeneous, confounding 
factors (ethnicity, diabetic status, gender, obesity, and age) in the pathophysiolo-
gy of glaucoma, including recent results obtained by our research team in a pilot 
analysis of POAG patients over a five-year period. Therefore, we will demonstrate 



Mathematical modeling and glaucoma 9

the necessity of comprehensive mathematical modeling capable of predicting the 
natural course of disease progression, which holds the promise for individualized 
patient care by incorporating specific characteristics lacking in current models to 
date. 

2. Materials and methods 

Electronic databases utilized in the search strategy for journal articles included 
Pubmed, Google Scholar and Web of Science. Journal article inclusion criteria 
were based on open-angle glaucoma risk factors for the following populations: 
European descent, African descent, diabetes, gender, obesity and age. The exclu-
sionary criteria implemented included non-African and non-European ancestry 
and ophthalmic diseases of intraocular pressure etiology other than open-angle 
glaucoma. Key words used in search strategy consisted of primary open-angle 
glaucoma, ethnicity, diabetes, gender, obesity, body-mass index, age, intraocular 
pressure, risk factors, glaucomatous progression, treatment, mathematical model, 
optic-head morphology, visual acuity, ocular perfusion pressure and capillary blood 
flow. Articles were also assessed for open-angle glaucoma diagnostic and treatment 
paradigms in order to the survey the current literature for up to date methodologies 
and approaches. Search parameters for article publication date were configured to 
extrapolate the most recent findings. 

2.1. Risk and prognostic factors 

2.1.1. Ethnicity 
Ethnicity is a known modifier of POAG.1 Studies have indicated increased incidence 
and prevalence of POAG in people of African descent (AD) compared to those of 
European descent (ED).10,25-27 These patients have increased risk of developing POAG 
at an earlier age and their disease progression is often more rapid.28-31 Furthermore, 
structural differences in persons of AD include thinner corneas, higher percentage 
of reported DM, high blood pressure and a worse pattern of mean deviation and PSD 
for standard automated perimetry fields.30,32-35 Despite studies demonstrating the 
differences in the development and disease progression of POAG between persons 
of AD and ED, the mechanisms underlying this disparity have yet been elucidated. 

In previous publications, our research group has demonstrated that AD partici-
pants with POAG had statistically significant lower retrobulbar blood flow velocities 
than participants of ED, including lower ophthalmic artery end diastolic velocity, 
central retinal artery peak systolic velocity, temporal posterior short ciliary arteries 
peak systolic velocity, and nasal posterior short ciliary arteries peak systolic 
velocity.36 Individuals of AD with POAG have been reported to also have higher 
systolic and diastolic blood pressures than their ED counterparts, including within 
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the aforementioned data set.36-37 Although the studies did not focus on causation 
of these blood pressure differences, the higher systemic blood pressure in the 
AD cohort with lower localized blood velocity in ocular tissues suggests constric-
tion may be occurring rather than lower delivery force. Whether the systemic and 
hemodynamic variation in retrobulbar blood flow observed in subjects of AD is due 
to racial ethnicity alone or in combination with other parameters, such as increased 
association with DM and systemic hypertension, remains unknown.30,32-35

To further clarify the relationship between ethnicity and POAG disease 
progression, our team analyzed data from a five-year observational study 
comparing patients of AD and ED. We identified statistically significant differences 
in the changes from baseline to five years follow-up in the nasal posterior short 
ciliary arteries end diastolic velocity (p = 0.0430) between participants of AD and 
ED. Furthermore, measurement of retinal capillary blood flow by Heidelberg retinal 
flowmetry showed an increased area of avascular retinal tissue in subjects of AD 
(p = 0.0436) compared to ED. Baseline inferior RNFL thickness assessed by optical 
coherence tomography was found to be predictive of structural progression in 
patients of ED (p = 0.0048) but not of AD (p = 0.6955), with a statistically significant 
difference between groups (p = 0.0379). The results of previous studies and from 
our research team suggest that POAG patients of AD have lower retrobulbar blood 
flow and more retinal capillary dropout associated with their disease progression 
compared to POAG patients of ED. Whether the observable differences in ocular 
blood flow between the patient populations is solely dependent on race only or in 
combination with other parameters remains unclear. The complexity in the hetero-
geneity of the disease presentation emphasizes the significance of an integrative 
mathematical model that is capable of incorporating race, in conjunction with other 
known patient’s characteristics, to assist clinicians in predicting patient’s specific 
disease progression. 

 2.1.2. Diabetes 
The association between DM and POAG has been widely investigated; however, the 
underlying pathophysiology remains poorly understood.38 Several large-scale pop-
ulation-based cohort studies have reported that DM is a significant risk factor for the 
development and progression of POAG.39-41 While others, including the Rotterdam 
Study, have shown baseline DM status is not predictive of POAG development at 
6.5-year follow-up.42 One postulate is that increased CCT in diabetic patients leads 
to increased IOP, which, in and of itself, is a major risk factor for POAG progression.43 

There is also evidence that diabetes and elevated IOP together cause increased 
retinal ganglion cell death.43 Diabetes may also lead to increased risk of POAG through 
dysfunctional optic nerve vessels and oxidative damage.39 To further complicate 
matters, there is a difference in glaucoma development and progression depending 
on whether the individual has type-1 diabetes (T1DM) or type-2 diabetes (T2DM). 
Patients with T1DM have 5.94 times greater risk of developing secondary glaucoma 
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while patients with T2DM demonstrate a 4.43 times greater risk.45 Additionally, 
POAG is more common in patients with non-proliferative diabetic retinopathy than 
in patients with pre-proliferative or proliferative diabetic retinopathy.45

Emerging evidence suggests that impaired ocular perfusion pressure (OPP) and 
regulation of retinal blood flow observed in diabetic patients contributes to glau-
comatous progression.46 Central retinal artery peak systolic velocity is lower in 
DM, which correlates to reduce OPP.46 A negative correlation also exists between 
retrobulbar blood flow and retinal circulation in DM patients but is absent in non-di-
abetic patients.46

As seen in the studies aforementioned, the role of DM in the onset and progression 
of glaucoma has not been clearly elucidated. Further to the above-mentioned 
analysis, our research group investigated the role of retrobulbar and capillary 
blood flow in diabetic glaucoma patients over a 5-year period. In the analysis 
of retrobulbar blood flow assessed with color Doppler imaging, a statistically 
significant difference from baseline to five-year follow-up was demonstrated in the 
resistivity index of the ophthalmic artery (p = 0.0017) and central retinal artery (p = 
0.0482) between patients with DM compared to those without DM. In addition, the 
evaluation of the capillary blood flow realized by the Heidelberg retinal flowmetry 
showed that the area of retinal avascularity at baseline was a predictive factor of 
structural progression of the disease after five years in glaucoma patients with 
DM (p = 0.0297) but not in those without (p = 0.5924), with a statistically significant 
difference between the two groups (p = 0.0352). 

Knowing the complexity of the correlation between DM and POAG and the con-
tradictory results of the studies mentioned above, a mathematical model able to 
incorporate the diabetic status of the patient could aid clinicians in the decision 
making process to diagnose and manage the disease with an individualized 
approach. 

2.1.3. Gender 
Various bodies of glaucoma research have shown incongruent results with respect 
to analyzing gender disparities. The Blue Mountain Eye Study showed a higher 
POAG prevalence among women while the group Rudnicka-Ashby et al. (2006), 
found male participants were more likely to develop open angle glaucoma.47-48 The 
Framingham and Beaver Dam Eye Studies found that gender was not a risk factor in 
the development of glaucoma.49-50

To date, clear differences in retrobulbar blood flow and its role in glaucoma 
between men and women have been presented, while others have failed to 
establish any clear correlation altogether. One study found that men had higher 
peak systolic velocities, end diastolic velocities, resistive index and pulsatile index 
(PI) in the ophthalmic artery compared to women. In the same group, women had 
higher peak systolic velocity, end diastolic velocity, resistive index and PI in the 
short posterior ciliary arteries compared to men. Interestingly, these results were 
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more significant in the younger groups than in the older groups.51 Yet another group 
who measured the hemodynamic parameters of retrobulbar vessels found no sta-
tistically significant difference.52 In an attempt to unveil the intricacies associated 
with gender differences, Harris-Yitzhak et al. (2000), showed how young women 
and postmenopausal women receiving estrogen exhibited reduced resistive indices 
when compared to postmenopausal women not receiving estrogen.53 Younger 
women showed greater peak systolic velocity and end diastolic velocity in the short 
posterior ciliary arteries versus both postmenopausal groups. Conversely, another 
study found no difference in retinal or retrobulbar blow flow measurements in 
comparing the effects of Raloxifene on postmenopausal women.54 Retrobulbar 
blood vessel caliber analysis in several large studies failed to reveal any differences 
between males and females.55-56 These findings suggest the importance of sex 
hormones as viable candidates to explain retrobulbar blood flow differences among 
men and women. 

In response to the previous contradictory studies, we recently identified, utilizing 
color Doppler imaging to measure blood flow velocities in POAG patients, a statisti-
cally significant difference between gender in the change from baseline to five-year 
follow-up in the ophthalmic artery end diastolic velocity (p = 0.0241) and central 
retinal artery resistive index (p = 0.0496). In addition, the central retinal artery 
(CRA) peak systolic velocity (PSV) and end diastolic velocity (EDV) were found to 
be baseline predictive factors of structural progression in open-angle glaucoma 
patients after five years in males (CRA PSV: p = 0.0076; CRA EDV: p = 0.0131), but not 
females, (CRA PSV: p = 0.5459; CRA EDV: p = 0.0604) with a statistically significant 
difference between the two groups (CRA PSV: p = 0.0113; CRA EDV: p = 0.0020). These 
results further validate gender as an important characteristic in our ever-evolving 
glaucoma model and illustrate its capricious nature between men and women. 
While monitoring the blood flow velocities in the ophthalmic artery of males to 
quantify and track disease burden was highly significant, no equivalent marker was 
found in women. The likely mechanism for such varying and confusing study results 
will likely be revealed when mathematical modeling is capable of simulating the 
multifactorial nature of open angle glaucoma at a personalized level. 

2.1.4. Obesity 
The rising prevalence of obesity in the United States continues to reach epidemic 
levels.57-58 Correlational analysis from several epidemiological studies presents 
conflicting data.59-61 To date, the precise relationship between obesity and 
glaucoma progression remains unclear. In one study, systemic changes associated 
with obesity and metabolic syndrome, such as insulin resistance and systemic 
hypertension, were shown to be positively correlated with IOP elevation, which is 
a risk factor for glaucoma development.61 It was hypothesized that high systemic 
blood pressure increases ultrafiltration of the aqueous humor, whereby increasing 
IOP. In a different retrospective study, primarily of ED individuals, increased BMI 
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(body mass index)  was shown to have neuroprotective effects against glaucoma 
progression. The study postulated that an increase in translaminar pressure, 
indicative of IOP and CSFP differences, damages the optic nerve and contributes 
to glaucomatous optic neuropathy. High CSFP may reduce translaminar pressure, 
which in turn reduces the risk of glaucoma.65-66 Results published by our research 
team agreed are congruent with findings in Berdahl et al. (2008).65-66 We showed that 
there was a negative correlation between IOP and OPP in overweight (BMI 25-30) 
and obese (BMI >30) patients; this relationship was not seen in patients with normal 
BMI (<25).67 The variation in the results of previous publications further obscures the 
relationship between weight and POAG development. 

Building upon previous studies on obesity and glaucoma progression, we 
analyzed our 5-years prospective study according to patient’s weight. We observed 
statistically significant changes between patients of normal weight and obese 
patients from baseline to 5 years follow-up in the following parameters: temporal 
posterior short ciliary arteries peak systolic velocity (p=0.0118), cup area (p=0.0370), 
vertical CDR (p=0.0365), macular thickness inner temporal (p=0.0110) and cup 
volume (p=0.0083). When the overall data was analyzed, without consideration 
of weight, the change in temporal posterior short ciliary arteries peak systolic 
velocity was not statistically significant. This suggests the necessity of analyzing 
epidemiological data with patient-specific factors to reveal their correlational rela-
tionship. Moreover, our result on the vertical CDR is varied from a prior publication 
by Pedro-Egbe et al. (2013), which showed no statistically significant correlation 
between vertical CDR and BMI.68 Moreover, the baseline BMI category (obese versus 
normal weight) was a predictive factor of glaucoma structural progression after 
five years (p = 0.0435). We speculate that factors, such as patient’s racial ethnicity, 
diabetes, gender, weight, and age, may have contributed to the differences reported 
in previous studies. 

Given the diverse results from these various studies, including results from 
our team, the relationship between obesity and glaucoma progression remains 
unsettled. To clarify the effect of obesity on POAG development and progression, 
further advancement in current mathematical models is necessary to integrate 
multiple demographic parameters to predict disease progression. 

2.1.5. Age 
Several longitudinal population-based studies have shown that age is a risk factor 
for the development of POAG in healthy subjects.42,69-71 The risk of developing 
glaucoma in subjects who were one year older at baseline was higher by 4% in 
the Barbados Incidence Study of Eye Diseases and by 6% in the Rotterdam Eye 
Study.42,69 In the Melbourne Visual Impairment Project subjects aged 40-49 years 
old at baseline had a 12-fold lower five-year risk of developing POAG compared to 
subjects with an age of 70-79 years old at baseline.71 Older age is also a predictive 
baseline factor associated with the development of POAG in patients with ocular 
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hypertension, as demonstrated in the Ocular Hypertension Treatment Study and 
in the European Glaucoma Prevention Study.72-73 Finally, results from the Early 
Manifest Glaucoma Trial have shown that older age at baseline is also a prognostic 
factor for the progression of POAG.74

Knowing the importance of the patient’s age not only as a risk factor for the onset 
of glaucoma but also as a prognostic factor for the disease progression, the role 
of retrobulbar blood flow in patients with POAG of different ages over a five-year 
period was investigated in our pilot analysis. The peak systolic velocity (p = 0.0140) 
and the end diastolic velocity (p = 0.0373) of the ophthalmic artery and the end 
diastolic velocity of the temporal posterior ciliary arteries (p = 0.0086) were found 
to be statistically different between subjects aged ≥ 65 compared to subjects aged 
< 65 as predictive factors of functional progression. Furthermore, we found that 
baseline age was a predictive factor of functional glaucoma progression after five 
years (p = 0.0098). 

As shown by the aforementioned large population studies and by the recent 
findings of our research group, age is an important factor in the natural history 
of glaucoma, playing a well-established role in the disease development and 
advancement. The formulation of a dynamic mathematical model including 
subjects’ age is clearly needed to allow clinicians to have a tailor approach in the 
diagnosis and treatment of their glaucomatous patients. 

3. Conclusion 

Our review of previous research shows that POAG patients of varying race, diabetic 
status, gender, obesity, and age differ in terms of their initial presentation and 
subsequent progression. The manner in which these systemic and ocular physiolog-
ical parameters change, both in terms of structure and function, are highly variable 
in disease progression. Additional studies will allow the creation of a dynamic model 
needed to understand the highly complex interactions between each of the afore-
mentioned variables, as well as their role in the pathogenesis and natural history of 
glaucoma. 

Mathematical modeling in medicine is often utilized for its intrinsic ability to 
use the predictive values of known risk factors to forecast the development of 
certain diseases. Such algorithms have been employed to characterize glaucoma 
progression based on biomechanical changes of the eye and its ocular hemody-
namics. However, efforts to quantify the complex nature of these systemic factors 
to provide comprehensive modeling of glaucoma development and progression 
are incomplete and ongoing. Based on our summarized results in this review, we 
advocate for the need to establish mathematical modeling so that the predictive 
values of known risk factors can be used to correctly identify patients with the 
highest risk of developing glaucoma. This comprehensive dynamic model will 
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include vital demographic characteristics, such as race, diabetic status, gender, 
obesity, and age that will allow physicians the ability to confidently provide clear, 
individualized, evidence based approach for each of their patients. 
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